Calculus

Real Numbers, limit, continuity and
differentiability of single variable functions




Real numbers, functions of a real variable, limits, continuity, differentiability, mean
value theorem, Taylor's theorem with remainders, indeterminate forms, maxima
and minima, asymptotes; curve tracing; functions of two or three variables: limits,
continuity, partial derivatives, maxima and minima, Lagrange's method of
multipliers, Jacobian.

Riemann’s definition of definite integrals; indefinite integrals; infinite and improper
integrals; double and triple integrals (evaluation techniques only); areas, surface
and volumes.



Natural no.
Whole No.

Integers
Rational no.

Irrational no.



Properties of real numbers

If a, b, and c are any given real numbers, then order axiom says-
1. Law of trichotomy- Eithera>b,a=bora<b

2. Law of transitivity-Ifa>bandb>c,thena>c
3.1fa>b,thena+c>b+c

4.1fa>bandc>0,thenac>bc

5.ffa>bandc<0,thenac<bc



Set, Interval, boundedness



}..1 3. Theorem.

If S is a non-empty set of reals which is bound

ed above, then a real number u is

supremum (L.e., least upper bound) of S iff

(i) x<uforallxe

(ii) for each ¢ > 0, there exists atleast one x € S such that x> u-¢

Uniqueness of Supremum

—

ré ﬂ m. Least upper bour

"l—’_* R



2. Theorem.
supremum of the set.

I'he greatest member of a sel, if it exists, must be the



Properties of real numbers

S ————1

Completeness Axiom- Every non-empty subset of reals which is boureed above
has a real number as its supremum.

il

Archimedean property of Reals- If x and y are two positive real numbers, then
there exists a natural number n such that nx>y.

Infimum of S<= Supremum of S



Absolute Value of Real Numbers

The absolute value of a real number a, denoted by |a|, is definedasaifa>0,- a
ifa<0,and0ifa=0.

Properties of Absolute Value
1. |ab| = |a| |b| or |abc...m| = |a] |b| |c|... |m]
2. |a+b|<|a|+|blor|la+b+c+...+m|<|a|+|b|+|c|+... |m]|

3.|a-b|>|a] - |b]



1A% NEIGHBOURHOOD OF A POINT

: neighbourhood of a point p ¢

g, pP+E)CO.

Ists ¢ on interval
R. if there exists an opert it

AsgetS < R s said to he ¢
(p ~ €, p+£) for someE > 0 such that p € \p

L - lhl J = 1

radius £,
We can also define neighbourhood of a point as follows :

. . . . 3 2 1 wenexl (a. b))
A subset S of R is a neighbourhood of a point p € R, if there exists an open in terval (a,

such that p € (a,b) ¢ S.

Any interval
Finite set
N. I, R, Q, phi

Deleted nbd



superset of a neighbourhood of a point p is also a nbd of p.

If A and B are two nbds Of a point p, then their intersection is again a nbd of p.



1.15. INTERIOR POINT OF A SET

If A 1s neitghbourhood of a point x, then point x 18 called an tntertor potnt r,rf A.

We may also define interior point of a set as follows :

Let A be a subset of R. The point x € A is said to be an interior point of A if there exists

an open interval (a, b) such that x € (a. b) c A




Open set

1. Union of an arbitrary family of open Sets is an open set.
2. Intersection of a finite number of open sets is an open set.
3. Intersection of arbitrary family of open sets may or may not be an open set.



Interior of a set is an open set.



1.18. CLOSED SETS
l.ot A be any subset of R. Then set A i1s said to b
e . u H ul ' . e w . - .
open set ie., Aisclosed iff A“ = R - A is open. osed set iff complement of A 18

IHlustrations.
:;e set R of real numbers is a closed set ag its complement R - IR _ R - ¢ is an open
Set ¢ is a closed set as its complement =R _ b =R i
e
?hmwtfmglhwwmm o “t" B R

—_— |




5. [a 3]

6. A finite set




1. Intersection of an arbitrary family of closed sets is closed



The union of finite number of closed sets is a closed set.



The Arbitrary union of closed Sets may not be a closed set.



1.20. LIMIT POINT OF A SET

A real number p is said to be a limit point or accumulation point of a set S « R if every

neighbourhood of p contains at least one point of S different from p.

Another definition of limit point.

A real number p is said to be a limit point of 1 set S < R if vvery neighbouriood of p

conlains infinitely many points of 5.
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1 20.1. Derived Set
ed a derived set of

The set of all limit points of a set A c Ris call

A or d (A).
Thus, Al'=lxeR x1sa limit point of Al
For example, (2.3) =12, 31; 15, 6] = 5, 6]
N' =6, Z =9, R'=R and ¢ = .

1.20.2. 1solated Point
ifx € AbutXx 1s not

.ot A be a stabset of R. Then x € H isolated point of set A,

R is called a

A limit point of A
1.20.3. Adherent Point
1 et A be a subset of R. Then
point of A.
e.x+8)NA#0b, for alle > 0

+  Ris called an adherent point of A, if every neighbourhood

of ¥ contains atleast one

-l 2

B o g




Remarks : | | \
1. Inorder to show that a point » is not an adherent point of a set A, it is sufficient to fing
a neighbourhood B of p such that BN A = ¢.

2. Students should compare the definition of limit point of a set with that of adherent
point of a set. A point p is a limit point of a set A if every neighbourhood of p must
contain a point of A other than p, whereas p is an adherent point of set A if every
neighbourhood of p contains a point of A which can be p itself. Thus it can be easily
concluded from the definitions of limit point and adherent point of a set that

-‘a) Every limit point of a set is also the adherent point of that set.
'5) An adherent point may or may not be a limit point of a set

For example, set of natural numbers ﬁlil_las all its points as adherent points but this
set has no limit point.



1.21. CLOSURE OF A SET

points of A. It is denoted by A,

In other words, closure of A

L/ f“*LJ = ]:q_,IJ
(_,‘li:‘) Cob) = Cak)
l'“l) (“-"‘1!3]*: [ﬁhkj






~A point p is a limit point of a set A ifand only if every neighbourhood of p contains
infinitely many points of A.
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2.7. Theorem.

/”/ ve that the supremum of a non-empty bounded set is either the greatest member

of the set or is a limit point of the sel. (K.U. 2012]
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t of a function : A function [is saic said to tend to limit ‘[’ as x 1ends to
small ’tllere exists a posltive real number & (depcndmg

i & -r W —
finiti + Left ujole[l limit ‘l,", as x tends
a’ from left (i.e., through values less than a) :-;_.f:'-w.-- :~ ithere exists §, > O such
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en ¢ > 0O, there exists




Limit of a function if exists, then it is unique.



2
By using ¢ — 5 definition of limit show that lim > 1 -

x — 1




) 9
By using definition of limit, show that lim | x cos -x) L

x—»0




Prove that lim sin| —

x-»0
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Algebra of limits

Icimn . -
Theo 2.1 : Let f and g be two functions such that lim f(x) =1 and

X —» a1

Iim g(x) =m then

X —» d

(1) ETIH a fi(x) =alim f(x)= a1l for all a e R

(i1) lim {Sf(x)+g(x)} = 1lim J(x)+1lim g(x) =1+m

A L2 x
—+ (i

(iii) lim {JS(x)—g(x)} = im _f[x)—'lim g(x) =1l-m

x —» 2 X —+ 0

X -+ Q0

(iv) Pﬂ { f(x) g!x]} = lim f(x) lim g(x)=1.m

lim _f(x)
f(x) X=b & . { ‘% O
v) Ilim = = = — provided m =
(v} x—sa g(x) iimn gl(x) m >

1 i i
(VR AANEN, ey & lm f(x) 1’ ke

(vii) lim {f(x)}" = {im fF(x)}" =1" VneN

(viii) lim | f(x)] = | Hm f(x)|=|1|
x-sa x—a .



3. Some standard limits :

sin x tan x
- ii —_— = : . 2
() digt—n=sne ] 1Y) L (i) lim cosx =)
b L e Ui el
X _1 . x"-ﬂ":' n-1
(vii) lim & =1 I

x =0







x+5

(ii) lift:) 1+2x) "

A B AT

| rv (r+ 3 esch i) Lim 2

X5 4 Mo e (L

' | -

%\-ﬂo-( ) S : = S (r+dt)'.(l+iuf#‘
T e (i = w — 5
e e R Q}%MQ/%{* N AL Ly

. = 1 . 736
Javn (13 - i 5 z |+t}) _J "fg‘
A% 2/ Livw (x = 3 K -@L"‘“Q[Q +21)o@'
S ly) Y <' _’{% = u g },’W
e y i“_k:ﬁ[Cl+-'tu) -
€ R . =t
ot = ~ e




Example 8 :

(ii) If a is not an mtt:gor. lim [x] -

X b (1

function.

(1) If a is an integer, then lim [x] =a-1 and

K —~ril

- |a]

lim [x] = a

X-»dl

» where [x] represents the greatest integer
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Theorem : Squeeze Principle (or Sandwich Theorem) :

Statement : If f, g and h are three functions satisfying f(x) < (/x) < ['{x) in some
deleted neighbourhood of ‘a’ and if lim f(x)=[ =lim @.(x), then iim ¢(x) =]

xXxX—+0a x—-+d x-+d
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Continuity

ned In the neighbourhood of @¢. Then the function f is

Y

gven € > O, however small, there exist a real 8 > 0

\




:,, 1ous Function) : A function flx] is said to be discontinuous at

'._uaus at that point. A function which is discontinuous even at a
val is said to discontinuous in that Interval.
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functions :
> two functions continuous at a then

(ii) f + g is continuous at a

(iv) fg is continuous at a

1
(vi) — is continuous at g if fla) 2 0




10us at x = a and
B s o g(x) is continuous at fla), then th
e

Gl”‘“” W) 34/ i
) f f i3 chks at x= 1k w
=) 4V grrer 7'ﬂ S>0 At
01 / } i) o //:ﬂwh d q
, loe-f 5, D) plpe0 - g(fey[een o

T"“ )< &
('](1) A csndonusw o_,.(, E ?7 ‘“‘)‘U @) ‘!\ q‘))
.{4 &!rb (‘ So 3 S' >0 44 : | 3(f(’()) J(f@))/ cr mbhﬂvw

[§09) - gqe] < ¢, ot |go- P 'fsw d "“’”"*?-,_ii‘i

GT<6 K< c @
=V da /




Sia _ _ E._‘ -h 18 ﬂlonit»ip bounded in some neighbourhood of a.
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Every function defined and continuous on a closed interval is bounded in that interval.

If f is continuous on a closed and bounded interval [a,b] such

there exists atleast one point c in (a,b) such that f(c)=0.

lhw f(b) are of opposite signs, then

Every function defined and continuous on a closed interval attains its bounds in that interval.

NT | f( b)
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1.17. Intermediate Value Theorem
If a function fis continuous on a closed interval [a, b] and [ (a) » f(b), then [

assumes every value between f(a) and [ (b).







1
sin —
using € — 5 definition that f(x) = x

0

£ X = 0 and has discontinuity of second kind.

x#0

x=0

is



-y X % Q

[J__x—ﬂ_l

B f(x)="{ x-a is discontinuous at x = g.
l Ik xX=a




Bx -3k x<1
3x? -kx x>1

stermine the value of k so that the function f(x) ={




8 7 : Examine the continuity of f(x) =




4 ~1
he continuity of f(x) = sin’ | x| A %20 o <=0
0 if x=0




Derwabllltyl Differentiability

. A function f is said to be deriv able at a point a il
I f[ﬂih'l—flfll
im

h—s O h

and the limit is called the Derivative of the function at a and is denoted !

Right hand and Left hand derivatives



y and Derivability :
S derivable at a point, then it is necessarily continuous




(x - a)cos——
(x - a)

jle 1 : Show that the function f(x) =
0

ous at a but not derivable at a.







1s not derivable




3 X | x | is derivable at 0.




2

' x50

5 : For what values of a and b is the function I(x) = J
Lax + DM L e















